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(X, Y ) ∈ K =AC/UZ,?A,/TP?
Y 2 = X3 + AX + B,
,D2'FA2









by2 = x3 + ax2 + x,
,DGJUZ,}U1TVBNKd<?HTVGxBD2YFHNV0 b2'Gx2'FH=@?AFZTV=H=NVFH0 TPdNs|V2d>;?A,/2UZ,/TPBDkK2NP |sTVFAGJTPdDwy2'=
X → (3x + a)/(3b), Y → y/b, A→
(3− a2)/(3b2), B → (2/9a3 − a)/(3b3) 6}NKFA2'Ns|V21FVNKBD2
C/=AC/TPwywy;SDFH2~21FZ=-TPB,DNK0NKkV2'BD21NKC/=MNKFA0 7
by2z = x3 + ax2z + xz2,
@i
,D2'FA2?H,D2?AFHGxS/wx2
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Ea,b
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gcd(x, n) 6= 0 .C<??A,/21BT TKU?HNVFNP n -TV={NKCDB/Y ?H,D2
SDFHNVkVFZTP0 NKC<?AS/C<?H=Gx?TPB*Yf2&>Gx?H='
21FH2GJ=XT,DGykV,< wy21|V2'w Y<2'=HU~FHGxSD?AGyNVBNPo?A,D2
vz6 TVwxkKNVFHG ?H,D0 FH2'U'TPwyw
π
Y<2'BDNP?H2'=TSDFHGx03207



























B1 < π ≤ B2

U1NV03SDC<?H2
(xπ : yπ : zπ) = πQ
NKB
Ea,b
g ← gcd(n, zπ)Gx
g 6= 1 <NKC<?AS/C<? g TPB/Y2 <Gx?NVC<?HSDC<?cD!QM
tbuJvwu   « r 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U1CDFA|K2'=NKB?A,D2 =ATV032}B&C/0 d21FNVBD2 03GykV,&?f-TPB&??AN$C/=@2bT wyTVFAkK21FFZTPBDkK2V[+-,D2'B U~NV03SDCD?A2


























TVB/Y −y &GykVBDNKFAGyBDk?A,D2 y  U~N>NKFHY<GyB/TP?A2GJY<21B&?HG 4/2=
P
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log p







2+o(1) TVU~?ANVF,DGywy2TPFHG ?H,D032~?AGJUGx03SDFHNs|V2'0321B&?H=TVU~?NVBb?A,D2 M(log n)TKU?ANKF'




















Q← π ·Q 
+-,D2}0¯CDwx?AGySDwxGJU1TP?AGyNVB
π · Q NKB(?A,D2 2'wxwyGyS<?AGJU}U~CDFH|V2GJ=Y<NKBD2}C/=AGxBDk TKYDY<Gx?AGyNVB/=} P + Q → P + Q 3TPB/YY<C/SDwxGJU1TP?AGyNVB/=
P → 2P + NbTKYDY ?QNSNVGyB&?H=
(xP : : zP )
TVB/Y
(xQ : : zQ)
MNKBD2fC/=A2'=¯?H,D2fNKwxwyNsGyBDk NKFA0¯CDwyT/^,D21FH2
(xP−Q : : zP−Q)U1NVFHFA2=@SNVB/Y/=?HN?A,D2Y<G ¦21FH21B/U12
P −Q 7







u← (xP + zP )(xQ − zQ) v ← (xP − zP )(xQ + zQ)
w ← (u + v)2 t← (u− v)2
xP+Q ← zP−Q · w zP+Q ← xP−Q · t.
+ NY<CDSDwyGyU'Ts?H2T¯SNVGyB&?




P − z2P )2, z2P = (4xP zP )[(xP − zP )2 + d(4xP zP )],
eV
,D2'FA2










u← (xP + zP )2 v ← (xP − zP )2 t← d(u− v) + v
x2P ← uv z2P ← (u− v)t.
9>GyB/U12?A,D2Y<G¦21FH21B*U~2
P − Q Gy=
B/212'YD2'Y ?ANbU~NV03SDCD?A2 P + Q  ?A,DGJ=GJ=T}=AS*2U~GJTPw{U'TV=A23NPXTVYDYDG ?HGxNKB/=UZ,/TVGxB/='U1TPwywy2'Y-AC/U'TV=UZ,/TVGxB*=/Rd>;f6 NVB&?AkKNV0321FH;V>,DNY<2=@GykVB/2'YTPB,D21CDFHGJ=Q?HGyUTPwykVNKFAGx?A,/0 -QL{W !zZ/R?HN3U1NV03SDC<?H2?A,D2'0 yi]=A212<lZeD eP~
B}~) )
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(B1 , B2) 
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X?H,D2b0TVGxB NVS21FZTs?AGyNVB?HN"d2 NVS<?HGx03Gy12'Y Gy=?H,D2b03N<Y<CDwJTPF0 C/w ?HGxSDwyGJU1Ts?HGxNKB7 kKGx|K21B
0 ≤ a, b < n DU~NK0S/C<?A2 c = ab mod n  2Y<GJ=Q?HGxBDkKCDGJ=@,b?Q{N}U'TV=A2'=z7U1wyTK=A=AGyU'TPw
O(log2 n)









vz6 GJ=-NP¡?H21BC/=A2'Yf?AN3TKU?ANKF-B&C/0 d21FZ==@0TPwywy21F-?A,*TPB?A,DGJ='DG ?XGJ=-NVFA?A,NVS<?HGx03Gy1GyBDkU~wJTV=H=@GJU1TVw¦TVFAGx?A,/021?AGJUP
c/NVF=@S2'U1GyTVw B>CD0 d21FZ=1<wyGJ#V2TVU~?ANVFZ=NP
βk ± 1 <NKBD20T;C/=@2




c = c0 + c1β
k <,/21FH2 0 ≤ c0, c1 < βk
5<?H,D21B


















βk − 1 NKBDwy;V TVB/Y S*2'F@NKFA080 CDwx?AGySDwyGyU'Ts?HGxNKB/=
NVB k NVFZYD=GxB*=Q?H2'TVY NV l NVFZYD='B/YD212'YoT}U'TPBDNKBDGyU'TPw^FH21SDFH2'=A21B&?ZTs?AGyNVBGJ=
BDNV?B/212'YD2'Y  W6}L^ vz6 Gx03SDwy21032'BK?Z==AC/UZ, T=AS2'U~GJTPw^FH2'YDC/U?HGxNKBNKF
wyTVFAkK2Y<Gy|>Gy=ANVFZ=NP
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B>CD0¯d*2'FH=NP?A,D2=ATV032=AGx'2VM2f03GykV,&?3C/=@2TbwxGydDFZTPFH; Gx?A,(=@S2'U1GyTVwTV=H=@2'0 dDwy; U~N<Y<2NVF2'TVUZ,"{NKFHY$=@Gy12K^CDS$?HN?H,D2
	
TVFHTP?H=ACDd/T ?A,DFH2'=A,DNVwJY 
u+tbu  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a′ = βla mod n
¢!YDY<Gx?AGyNVB/=XTVB/Y=@C/d<?AFZTVU~?AGyNVB/=TVFA2CDB/UZ,*TPBDkK2'Y DTVB/Y0 CDwx?AGySDwyGyU'Ts?AGyNVB*=XTPFH2FA2'SDwyTKU~2Yfd>;?H,D2Wv 
z
NKS*2'FHTP?AGyNVB7
REDC(a, b) := abβ−l mod n
X+-,/Gy=NVS21FZTs?AGyNVB}U'TPB}d2 2 %U1Gx2'BK?Hwx;Gy0S/wx2'02'B&?A2'Y NVB}03N<Y<21FHB U~NK0S/C<?A2'FH='
TVB/YY<N>2'=-BDNV?XFA2IKC/GxFH2TVB>;fU~NKFAFH2'U~?AGyNVBfC/BDwxGJ#V2?H,D2U~wJTV=H=@GJU1TVw Y<Gx|>GJ=@GyNVB±
+-,D2'FA2TPFH23?Q{N -T;<=?ANGx03SDwy210321B&?3Wv 
z7GJ21Gx?A,D2'F¯GyB&?A21FHwy2'T|V2?H,D2f0¯CDw ?HGxS/wxGJU1TP?AGyNVB TPB*Y ?A,D2FA2Y<C/U?HGxNKB TV= GxB
TVwxkKNVFHG ?H,D0 6  6 5 4$FHNV0 yi)(/GxG¡ NVFoS*2'F@NKFA0?H,D210 =@2'S/TPFZTs?H21wy;VW6 L^ v-z6 C/=A2'= ?H,D2-wyTP?@?A2'FT;K,/GyUZ,21B/TVdDwy2'=









r := c mod n
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TVwxkKNVFHG ?H,D0 yi~&NVFGx?H={wy2'TV=@?@ =AGxkKBDG 4U1TPB&?A dDGx?M|sTPFHGyTVB&?MNVF
cβ−l mod n
^o9D{  -TPFHFH2~?@?MGJ={2 DTVU~?Awy;Wv zR>Gx?A,fT dDGxk {NKFHY
βl
yi' 7RTP¡?A21F?H,D23SDFA2U~NK0S/C<?HTP?AGyNVB NV












2'I&C/TPw¦?HN −c mod βl 
& ) 
   # # u! ' +. " '
![±C/U1TK=UZ,/TPGyBGJ=TPBTVY/Y<G ?HGxNKBUZ,*TPGyBGyB,DGyUZ,?A,/2=@CD0
i + j
NPo?Q{N¯?A2'FA0=XU'TPBTPSDS2'TVFNKBDwy;G  |i− j| TVwy=ANTVSDS2'TPFZ='!+-,DGy=
U1NVB/YDG ?HGxNKBGJ=BD212Y<2'YNVF?A,/2SNVGyB&?TKYDY<Gx?AGyNVB GxB ,DNK0NKkV2'BD21NKC/=RU1N>NVFZY<GxB*Ts?A2=1 =A212'lZe>  c/NVF2 DTV0S/wx2
1 → 2 →





1009 · P {+ NkV21B/21FZTs?A2T=A2'I&CD2'B/U~2
U1wxN&=@2?HNNVS<?HGx0TPw*T3B*Ts?AC/FHTVwGyYD2'T3GJ=-?ANC*=@2TK=SDFH21|>GyNVC/=o?H21FH0
1009/φ ≈ 624 s,D2'FA2 φ = (1+√5)/2 GJ=o?A,D2kKNVwJY<21B¯FHTP?AGyN/PdDCD?^?A,DGJ=^Gy0S/wxGy2'=o?HN,*T|V2 1009−624 = 385GyB?H,D2R=A2'I&CD2'B/U~2K  2?H,D21BfkV2~?
1009→ 624→ 385→ 239→ 146→ 93→ 53→ 40→ 13 "!?{?H,DGy={SNVGyBK?{2U1TVBDBDNP?U1NVB&?AGyB>CD2C/=@GyBDk3?H,D2
=ATV02?HFHTVB/=QNKFA0
(d, e)→ (e, d− e) + NkV2'BD21FZTs?H2



















α = (aφ + b)/(cφ + d)
Gx?A,=@0TPwyw
a, b, c, d




























6  3.74% NKF B1 = 108





6 TPB/Y 210717774 NKF 108 7 GJ= 3.7% TVB/Y 5.1% FH2'=AS*2U?AGy|V2'wx;K
#    p%$
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πQ = OE mod p
 B =AC/UZ,$T U'TV=A2V,DGywx2U~NV03SDCD?AGyBDk
«« ¬ 00­




6 B1 = 10
8
φ ≈ 1.61803398875 1, 1, 1, . . . eKeY(s_VaK`Kg eV`VgDi'aK`&ePPa
(φ + 7)/5 ≈ 1.72360679775 1, 1, 2, 1, . . . eVesa&gV`K`V` eVePh&eP`&]PKeV
(φ + 2311)/1429≈ 1.618347119656 1, 1, 1, 1, 1, 1, 1, 1, 2, 1, . . . eKeVeVhVgPa>e eKesaD(shDi'aK&]
(6051− φ)/3739 ≈ 1.617914406529 1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 1, . . . eKe<i
(PePh( eKeP`K_K]PKhV_Kh
(129− φ)/79 ≈ 1.612429949509 1, 1, 1, 1, 1, 2, 1, . . . eVeDi'g(sgVh eVeV`KeKePhPa&gV
(φ + 49)/31 ≈ 1.632839806089 1, 1, 1, 1, 2, 1, . . . eKePgK]VhDie eKeVeY(P`DihVgPa
(φ + 337)/209 ≈ 1.620181980807 1, 1, 1, 1, 1, 1, 2, 1, . . . eVeVgDi'h/i] eVeKeP`V`&]P`Kg:(
(19− φ)/11 ≈ 1.580178728295 1, 1, 1, 2, 1, . . . eDi'V_VaKgKg eKeVePg/i'`K:(a
(883− φ)/545 ≈ 1.617214616534 1, 1, 1, 1, 1, 1, 1, 2, 1, . . . e<i'&]V]K]Ve eVe<i
(PeVVgPa&h
3− φ ≈ 1.38196601125 1, 2, 1, . . . e<iV`KhV_V` eVeDi]V`V`KeV:(


























π = σ ± τ  σQ = (xσ : yσ)
TPB*Y
τQ = (xτ : yτ )
¦?A,D2'B
σQ + τQ = OE mod p
Gy03SDwyGx2=
xσ = xτ mod p
^??A,>C/=X=ACD%U~2=?ANU~NK03SDC<?A2







































π = i · d + j, !`K
Gx?A,
S = {i · d, 0 ≤ i · d < B2}
¦TPB/Y






















jQ = (x : y)





π = i · d + j *NKBD2GywxwTVwy=AN,DGx?
i · d − j 7 ,DGJUZ,}0T;d2 SDFHGy02 NVFB/NP?7 NVFFA2'2VX+-,DGJ=RU'TPB}d2 2&>S/wxNKG ?H2'YGyB}?Q{NfT;<=z7vMGx?A,D2'FRFH2'=@?AFHGJU??HN
j ≤ d/2 *TK=SDFHNVSNK=A2'Yd>;6}NKB&?AkVNK0321FH; yi)(' 5NVFFH2'=@?AFHGJU? j ?AN?H,D2-@S*N&=@Gx?AGy|V2 /FH2'=AGyYDCD2'=SDFAGy032










 $#   


























(xσ − xτ ) mod n,
a&
=AGxB*U~2GxTVB>;
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¡&0+)k
$_ª
'w  O






)   K§
p/n































!wxkKNVFHG ?H,D0 L   Rv!R Gy=TK=Q?H21FD=@GyB/U~2Gx?XTVY<03Gx?H=T=@0TPwywy21F0 C/w ?HGxSDwyGJU1Ts?HGx|K2U1NVB/=@?HTVB&?GyBFANKBK?-NP ?A,D2






NVBDwy;NKFL   3Wz ¯
















ω ∈ Z/nZ =AC/UZ,?A,/TP? ωd/2 = −1 mod n <,DGJUZ,Gy=-B/NP?X2'TK=@;K<G SNK=H=@GydDwy2TP?XTPwyw!6}NKB&?AkVNK0321FH;¯yi'_/=ACDkKkV2'=@?H=±?ANS21FANVFH0 =@2'|V21FZTPw&cco+o=o03N>YDCDwxN
=A0TPwyw&S/FAGy032'=7UZ,DNK=A21B =ANR?A,/TP?4/B*Y<GxB/kTSDFHGx03Gx?AGy|V2
d
 FHN>NP?NPCDBDGx?Q; Gy=2TV=A;7 TPB/Y ?ANFA2U~Ns|K21FX?H,D2U~N>2 %U1Gx2'BK?Z=d&; ?A,D2fz{,DGyBD2'=A2WX210TPGyB/Y<2'F+-,/21NVFH210+-,DGy=TVSDSDFHNKTVUZ,
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 % 
 # 43 '
c/NVFTkVGy|V2'B =Q?ZTPkV2edNVCDB/Y
B2











S = {i · d, 0 ≤ i · d < b2}
NPlH`/xi3GJ=FH21SDwJTVU12'Ybd>;
S1, . . . , Sk
?A,/TP?¯U~Ns|K21F


































































































 }w~.k) )Ok¦O~k_+k¡ (k"O2   8 ¨w  ' Ok2  8  ¦00+ _~) kw$+O+k_3O « 0))k)kk ­ª Kª
«« ¬ 00­
ig   H FF &	 F ,=a=
&   01 %    $  ' )   % 6'  #
FH21B&?@ Q9>CD;&TP0T  =X2&&?H21B/=AGyNVBGyB/U1FA2TV=A2'=?A,D2SDFHNVd/TVdDGxwyGx?Q;NV=AC/U1U12'=H=NV{=@?HTPkK2eD G ?H, T=@0TVwxw^TVY/Y<G ?HGxNKB/TPwU~N&=Q? W2U1TPwyw
=@?HTVkV2ef=AC/U1U1212YD=,D21Bb?A,D23wJTPFHkV2=Q?RTVU?HNVF
π
NV?A,/2kKFANKCDS NKFHY<2'FU'TPBbd*23FHG ?A?A21B TV=
π = σ ± τ  ,D21FH2¯SNVGyB&?H= σQTVB/Y
τQ





















f(x) ± f(y) ,*TV=R03TVB>;TVwxkK21dDFZTPGJUTVU~?ANKFH='R+-,DGJ=Gy=?A,/2U'TV=A2NKF
f(x) = xe
<dDC<?TPwJ=AN NKF&RGJU#>=ANVBS*NKwx;>BDNK03GyTVwy=-TV==ACDkKkV2'=@?A2Yd>;6}NKBK?HkVNK02'FA;3GyB xi_ZW6}LM vz6C/=A2'= RGJU#>=ANVB
SNVwy;>BDNV03GJTPwJ=-NPS/TPFZTP032~?H21F
α = −1 Gx?A,?A,/2
BDNP?ZTs?AGyNVBFHNV0 yi_ 7 D1 = x  D2 = x2 + 2 DTPB/Y De+2 = xDe+1 + DeNKF
e ≥ 1 <,DGJUZ,kKGx|K2'= D3(x) = x3 + 3x

D4(x) = x








t _ eY( hPa ieK] eDi'h
 i `( h/i Di






























2&>?AFZT0¯CDwx?AGySDwxGJU1TP?AGyNVB/='v.%U~Gy21B&? -T;<=R?ANGx03SDwy21032'BK?FH21B&?@ Q9>CD;&TP0T  =
?HFAGJU#NVFLM HiTVB/YfL]\¯iTVFA2
Y<2=AU1FAGyd2'YGxB yi)('








&  - #   # % 1 '
d1d2  	 14#  %  %  ! CDFA?A,D2'FGx03SDFHNs|V2'0321B&?GJ=SDFHNVSNK=A2'Yd>;6}NKB&?AkVNK0321FH;GyB xi
('^B*=Q?H2'TVYNPo=@Gy21|>GyBDk¯S/FAGy032'=-NP±?A,D2NKFA0














0 < π ≤ B2
U1TVB d*2FHGx?@?A2'B CDBDGJI&CD21wy; TV=
π = id1 + jd2
Gx?A,
0 ≤ j < d1
7?ZT,#V2
j = −π/d2 mod d1
<?A,D2'B
i = (π − jd2)/d1

+ N=AGx2'|V2fTVwxw{SDFAGy032'= CDS ?AN
B2
o?HT,#K2
S = {id1,−d1d2 < id1 ≤ B2, gcd(i, d2) = 1}
TVB/Y
T = {jd2, 0 ≤ j <
d1, gcd(j, d1) = 1}
BbU~NV03S/TVFAGJ=ANVB?AN lZ`/xi,7G¡-?H,D2 wyNs21FdNVCDB/Y}NVF
id1
GJ=BDNs −d1d2 GyB/=Q?H2'TKYNP 0 *dDC<?R?A,DGJ=,*TV=wyG ?A?Awy2¯2 2U?G 
d1d2  B2
5MGxG¡X?A,D23TVYDYDG ?HGxNKB/TPwoU~NVB*Y<G ?HGxNKB























































2/B1 k d1 d2 φ(d1)/2
S*NKwx;K U1CDFA|K2'=
aKg
3 · 106 4592487916 1531 2 150150 17 14400 D6(x)
ePaVaKg
a&]
11 · 106 30114149530 2738 2 371280 11 36864 D12(x)
a>]PVg
]Pg
43 · 106 198654756318 4620 2 1021020 19 92160 D12(x)
(Y((>i
]V]
110 · 106 729484405666 6632 2 1891890 17 181440 D30(x)
i)(P_VK
hVg
260 · 106 2433583302168 9360 2 3573570 19 322560 D30(x)
aK`Kh:(Pg
hK]
850 · 106 15716618487586 18490 2 8978970 17 823680 D30(x)
hVK`K]Di
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TK=NVCDB*YbC*=@GyBDk W6}L^ vz6  G ?H,




NKFHY<2'F'DU1NV03SDC<?H2'YG ?H,?A,D26 TVkV0T3=@;<=@?A2'0 xi'asDGy=z7
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 SD?A21FHNVBeK]PgTs?{eD aW,DVKG ?H,Gx03SDFHNs|V2Y
W6}L TK=A=A210¯dDwy;U~N<Y<2FANK0 + NVFHd<OJVFHBWFZTPB/wxCDB*Y
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Gy= GxB*Y<212Y wJTPFHkV21F?H,/TPB ?A,D2m-QFH2'I&CD2=Q?H2'Y:/NVB/2
B2 = 680270182898
f+-,D2=Q?ZTPkV2eS/TPFZTP0321?A21FZ=
BU}w~.)_k _0  ).k
4016636513
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~oB/G ?HGyTVwxGy1GyBDk?H,D2?ZTPdDwy2NV YDG¦21FH21B/U12'=^7 G 2Kx>U~NK0S/C<?AGyBDk
?H,D24*FH=@?RY<NsB>-TPFZYYDGyTVkVNVB*TPwNKFFH21B&?@ Q9>CD;&TP0T  =2 >?H21B/=AGxNKB7 GJ=U~wy2'TPFHwy;UZ,D2TPS}Gx?A,bFA2=@S2'U~?X?ANj-Hz{NK0S/C<?AGyBDk?H,D2





NVY<G ¦21FH21B/U12'=' -BCDGywyY<GyBDk c,W FANK0jGx?H=3FHN&NV?H=/U~NKFAFH2'=ASNVB/YD=¯?HNb?H,D2}SDFHN<Y<C/U??HFA2'2}TPwykVNVFHGx?A,D0 5Z-Hz{NK03SDC<?AGyBDkiPcw/
GJ=?A,D2}S/FA2U~NV03SDCD?HTs?HGxNKB$NV?A,/2}GxB>|V2'FH=A2NP
F
















uJvwu  r<q  ª n'p ¬ t r { ° 
 t  rDtPp ® qsn u








10 TVB/Y B2 = 13789712387045
7
p58 = 1372098406910139347411473978297737029649599583843164650153,








8 TPB*Y B2 = 52337612087
7
p48 = 884764954216571039925598516362554326397028807829,
p48 + 1 = 2 · 5 · 19 · 2141 · 30983 · 32443 · 35963 · 117833 · 3063121 · 80105797 · 2080952771.

uJvwu  p ª q  ¬ t ® q 
 t  rDtPp ® qsn u
+-,D2 TVC<?A,/NVFS21FANVFH02Y"U1NV03SDwy2~?H2}FACDB*=NVB"?A,D2 TVd*NKC<? i'gKgVg U~NK0SNK=AGx?A2B>CD0 d21FZ=3FHNV0 ?H,D2}FA2'kVCDwJTPFfz{CDB/BDGxB/kV,/TV0
?ZTPdDwy23G ?H,bL^ Zi3TPB/YL\¯i eVe+-,D2¯wJTPFHkV2=Q?FHCDBC/=A2'Y
B1 = 10




B1 = 4 · 109







TKU?HNVFZ={2'FA2 NVCDB/Y d&;L^ ZiY<C/FAGyBDk ?H,D2'=A2 FHCDB/='XdDC<?=Q?HFHTVBDkV2'wx;(BDN TKU?HNVFf-TV=NVCDB/Y d&;(L\¯iK
421|V2'F@?H,D21wy2'=H='
?A,D2TPCD?A,DNKFd21wyGx2'|V2'= ?A,/TP??H,D2$L^ Zi"TVB/Y2'=AS*2U~GJTPwywx;DL\¯i"032~?A,/N>Y/=bTVFA2 B/NP?bC*=@2Y21BDNKCDkV, B< 
Y<2'2'Y GxNVBD2(U~NV03S/TVFA2=?A,/2(U1CDFAFH21B&?FH2'U1NVFZYD=NKFbvz6 RL^ Zi"TVB/Y[L\¯iK NVFA2=@S2'U~?AGy|V21wy;hVhD]P_ TVB/Y[aK_ Y<GxkKG ?Z=
   	 !"-# !	$#%&'&V¤()')*+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